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Abstract It is proved that the evaluation of the Coulomb

potential and the calculation of its matrix elements can be

carried out in separate steps whose costs formally increase

as the square of the number of basis functions. The

resulting method for computing the Coulomb matrix is

reported, and its main features are tested with a trial pro-

gram for Slater functions. A comparison of the Coulomb

matrices obtained with this method and those computed

from the repulsion integrals shows that the current proce-

dure is potentially exact, highly accurate in practice, and

much less expensive. The effects of basis product cutoff

and long-range separation have been analyzed finding that

the method tends to linear scaling with the size of the

system. Moreover, the storage requirements are very low

since two-electron integrals are completely absent, and it is

well suited to be used in the density functional context.

Keywords Coulomb operator � Electron density �
Density functional

1 Introduction

In previous works [1, 2], a partition of the molecular

density, q(r), into atomic contributions, qA(r), accompa-

nied by an expansion of the atomic contributions in real

harmonics times radial factors, was reported.

This approach has two appealing features for the cal-

culation of several functionals of the density needed in

practical applications: (1) both partition and expansion are

exact in the sense that, for every r, the sum of atomic

fragments is just the density, q(r), and the expansion of

every atomic fragment exactly converges to its density,

qA(r); (2) the atomic fragments, qA(rA), are minimally

deformed in the sense that they yield the quickest con-

vergent expansion of the long-range Coulomb potential

compatible with the LCAO expression of the density in the

working basis set.

Although this partition was initially aimed at facilitating

the calculation of several quantities (density gradient,

molecular electrostatic potential, force fields, and alike), it

became soon evident that it could be an aid for a better

understanding of some basic chemical concepts (molecular

structure [3], chemical forces [4], and so forth), and it was

successfully applied in this context.

In this paper, we take up the original aim by developing

an efficient procedure for the calculation of the Coulomb

matrix directly from the Coulomb potential which does not

require the calculation of any two-electron integral.

The underlying idea, advanced several years ago [5, 6], is

that the calculation of the Coulomb potential and the eval-

uation of its matrix elements are different processes which

can be carried out into separate steps whose computational

costs formally increase as the square of the number of basis

functions, m, instead of the m4 process required when

the repulsion integrals are used. The exploration of this
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possibility with the aid of the density partition and expansion

method is the purpose of the present work.

In Sect. 2, the partition of the density is briefly revisited.

Although it has been discussed in detail elsewhere [1, 2],

the key points are summarized herein for completeness and

to remark the fact that the resulting expansion is exact.

Sections 3 and 4 detail the evaluation of the Coulomb

potential and the calculation of its matrix elements and the

Coulomb energy, stressing that both processes are poten-

tially exact and formally m2 dependent. In Sect. 5, the

formalism presented in the previous sections is applied to

the development of a trial program for the calculation of

the Coulomb matrix in case of Slater functions. It is proved

that the matrix elements computed with this procedure may

coincide with those attained from two-electron integrals

with any prescribed accuracy, provided that sufficient

terms are included in the expansion of the atomic frag-

ments. It is also proved that, as a consequence of the effect

of basis product cutoff and the long-range separation, the

current method scales linearly (instead of quadratically)

with both the number of basis functions and the number of

centers for large systems.

As it is well known, the formal scaling of the repulsion

integrals with m4 is not realized in practice because basis

product cutoff [7, 8] can reduce this scaling to m2 for size

increasing systems, and further savings may come from

neglecting small short-range terms. Another usual way to

circumvent the integrals problem is based on the substitu-

tion of the LCAO density by an approximate density rep-

resented in terms of an auxiliary basis set [9, 10, 11, 12, 13,

14, 15, 16, 17, 18, 19, 20]. The relationship between these

approaches and our proposal is commented in Sect. 6.

Finally, in Sect. 7, the main features and capabilities of

this procedure are pointed out.

2 Expansion of the molecular density in spherical

harmonics centered at the nuclei

In the method of deformed atoms in molecules (DAM)

[21], the electron density is partitioned into atomic frag-

ments and expanded as:

qðrÞ ¼
X

A

qAðrAÞ ¼
X

A

X1

l¼0

Xl

m¼�l

zm
l ðrAÞ f A

lmðrAÞ ð1Þ

with rA = r - RA, RA being the position of nucleus

A; rA ¼ jrAj; zm
l ðrAÞ, the real spherical harmonics, and

f A
lmðrAÞ, the radial factors.

The calculation of the radial factors, f A
lmðrAÞ; will be

discussed below. The regular real spherical harmonics are

defined as:

zm
l ðrÞ ¼ rl zm

l ðr=rÞ ¼ ð�1Þm rl P
jmj
l ðcos hÞUmð/Þ ð2Þ

where P
jmj
l ðcos hÞ are the associated Legendre functions—

see Ref. [22] eq 8.751.1–, Umð/Þ ¼ cos m/ for m C 0, and

Umð/Þ ¼ sin jmj/ for m \ 0.

A detailed discussion on the practical implementation of

this partition has been previously reported [1, 2]. A revi-

sion of the key points is given herein for completeness.

The starting point is the LCAO expression of the density

which can be written as:

qðrÞ ¼
XN

A¼1

X

a2A

X

a02A

qAA
aa0 vaðrAÞ va0 ðrAÞ

(

þ
X

B6¼A

X

a2A

X

b2B

qAB
ab vaðrAÞ vbðrBÞ

)
ð3Þ

where A and B label the N nuclei; a and b, the basis

functions, va(r), vb(r), centered respectively at RA and RB,

and qAB
ab denotes the corresponding AB block of the density

matrix.

The one-center term of the r.h.s. of Eq. 3 can be trivially

expanded in products of spherical harmonics times radial

factors. The two-center terms, which contain charge dis-

tributions va(rA) vb(rB) localized in the region between the

A and B centers, are decomposed into one part dA
abðrAÞ

assigned to A and the rest, dB
abðrBÞ, assigned to B, so that

collecting the terms attributed to A, one can define:

qAðrÞ ¼
X

a

X

a0
qAA

aa0 vaðrAÞ va0 ðrAÞ

þ 2
X

B 6¼A

X

a

X

b

qAB
ab dA

abðrAÞ ð4Þ

and the expansion of qA(r) in spherical harmonics results:

qAðrÞ ¼
X2L

l¼0

Xl

m¼�l

zm
l ðrAÞ

X

a

X

a0
qAA

aa0 f
aa0

lm ðrAÞ

þ 2
X1

l¼0

Xl

m¼�l

zm
l ðrAÞ

X

B 6¼A

X

a

X

b

qAB
ab f ab

lm ðrAÞ ð5Þ

where L is the highest value of l in the basis set functions

centered at nucleus A.

Intuition says us that, in order to get quickly convergent

expansions centered at RA and RB, the fragment dA
abðrAÞ

should contain the part of the charge distribution closer to

A and dB
abðrBÞ, that in the neighborhood of B. The cor-

rectness of this intuitive envision and the way of imple-

menting the method have been thoroughly discussed in

previous works for both Gaussian [1] and Slater [2] basis

sets. Here, we will illustrate the method by considering the

case of a 1s(rA) 1s(rB) STO charge distribution which has

the transform [2]:
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1sðrAÞ1sðrBÞ � N1s N 01s e�frA e�f0rB

¼ N1s N 01s

ff0

p

Z1

0

du ½u ð1� uÞ��1=2

� bk1 fu

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

R2
AB þ

r2
u

uð1� uÞ

s !
ð6Þ

with f2
u ¼ f2uþ f02ð1� uÞ; ru ¼ r� Ru and Ru = RA ? u

RAB, and bkmðzÞ ¼ zmKmðzÞ, where Km(z) is the Macdonald

function—see Ref. [22] eqs 8.446, 8.468 and 8.532.1.

According to Eq. 6, the 1s(rA) 1s(rB) distribution is

decomposed in a continuous set of infinitesimal spherical

charge distributions centered along the points Ru of the AB

segment. Since the partition criteria assign to A the charge

distributions placed in the half segment closest to A (cor-

responding to 0 B u B 1/2), it follows:

dA
1s1sðrAÞ ¼ N1s N 01s

ff0

p

Z1=2

0

du

� ½u ð1� uÞ��1=2 bk1 fu

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

R2
AB þ

r2
u

uð1� uÞ

s !
ð7Þ

and, the rest is dB
1s1sðrBÞ. The partition of the 1s(rA) 1s(rB)

distribution in the fragments dA
1s1sðrAÞ and dB

1s1sðrBÞ is

exact, and the only pending steps are the expansion of the

Macdonald functions in spherical harmonics centered at RA

and the solution of the integrals.

In ref [2], a solution to the first problem is given. An

analytical solution for the integrals and the generalization

to functions with high-order spherical harmonics were

reported in reference [21]. The algorithm developed for

STO in this way enables to attain the expansion appearing

in Eq. 1 in an accurate and efficient manner.

Every radial factor, initially obtained as a numerical

array, is further fitted to a piecewise function consisting of

exponential times polynomials:

f A
lmðrAÞ ¼ e�nkrA

Xnk

p¼0

tp
k ck

pðA; l;mÞ;

kk�1� rA\kk for k ¼ 1 to N; kN � rA\1 ð8Þ

with

t ¼ 2r � kk � kk�1

kk � kk�1

ð9Þ

for the first N intervals, and for the last one:

t ¼ nNþ1 ðr � kNÞ ð10Þ

The number of intervals (N ? 1), their boundaries (kk) and

the exponents (nk) are characteristic of each atom and

have been object of a thorough study. The polynomial

coefficients are obtained by Lagrange interpolation to the

previously tabulated values corresponding to the roots of

tenth-degree Chebyshev polynomials on t, for the first N

intervals, and to the abscissae of a 10-points Laguerre

quadrature rule for the last interval. This fit gives the radial

factors with an accuracy about ten decimal places thus

ensuring that this accuracy can be attained in the expansion

by simply increasing the value of lmax.

3 The Coulomb operator

The partition of Eq. 1 allows us to write the Coulomb

operator, J(r), as a sum of atomic contributions:

JðrÞ ¼
Z

dr0
qðr0Þ
jr� r0j ¼

XN

A¼1

Z
dr0

qAðr0AÞ
jr� r0j ¼

XN

A¼1

JAðrAÞ

ð11Þ

which, taking into account the expansion of Eq. 1 and the

piecewise fit of Eq. 8 are given by:

JAðrAÞ ¼
X1

l¼0

Xl

m¼�l

zm
l ðrAÞ

QlmðrAÞ
r2lþ1

A

þ qA
lmðrAÞ

� �

�
X1

l¼0

Xl

m¼�l

zm
l ðrAÞVA

lmðrAÞ ð12Þ

where

QlmðrAÞ ¼
4p

2lþ 1

ZrA

0

dr0 r0
2lþ2

f A
lmðr0Þ

¼ 4p
2lþ 1

Zkk�1

0

dr0 r0
2lþ2

f A
lmðr0Þ

2

4

þ
ZrA

kk�1

dr0 r0
2lþ2

e�nkr0
Xnk

p¼0

ck
p tp

k

3
75 ð13Þ

and

qlmðrAÞ ¼
4p

2lþ 1

Z1

rA

dr0 r0 f A
lmðr0Þ

¼ 4p
2lþ 1

Zkk

rA

dr0 r0 e�nkr0
Xnk

p¼0

ck
pðA; l;mÞ t

p
k

2

4

þ
Z1

kk

dr0 r0 f A
lmðr0Þ

3

75 ð14Þ

with kk-1 BrA \ kk.

Notice that, for sufficiently large rA, Eq. 12 is reduced to

the long-range limit:
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JA
longðrAÞ ¼

X1

l¼0

Xl

m¼�l

zm
l ðrAÞ
r2lþ1

A

4p
2lþ 1

Z1

0

dr0 r0
2lþ2

f A
lmðr0Þ

¼
X1

l¼0

Xl

m¼�l

zm
l ðrAÞ
r2lþ1

A

QA
lm ð15Þ

where the constants QA
lm are the atomic charges and

multipoles.

The first term in the r.h.s. of Eq. 13, the second of

Eq. 14, and the multipolar moments of Eq. 15 are constants

that can be computed once and stored. The pending inte-

grals are easily obtained from the piecewise representation

so that the Coulomb potential for arbitrary rA can be

computed in an accurate and economical way [23].

4 The Coulomb matrix and the Coulomb energy

We will consider now the matrix elements of J(r). These

are either of one-center, Jaa’, or two-center, Jab, types:

Jaa0 ¼
Z

dr JðrÞ vaðrAÞ va0 ðrAÞ ð16Þ

Jab ¼
Z

dr JðrÞ vaðrAÞ vbðrBÞ ð17Þ

As noted above, the va(rA) va’(rA) distributions can be

trivially expanded in spherical harmonics times radial

factors so that:

Jaa0 ¼
XLaþLa0

k¼0

Xk

l¼�k

Z
dr JðrÞ zl

kðrAÞ f aa0

kl ðrAÞ ð18Þ

Moreover, the partition of the two-center charge

distributions gives:

Jab ¼
Z

dr JðrÞ dA
abðrAÞ þ

Z
dr JðrÞ dB

abðrBÞ � J0ab þ J00ab

ð19Þ

and expanding the fragment dA
abðrAÞ, one has:

J0ab ¼
X1

k¼0

Xk

l¼�k

Xk

l¼�k

Z
dr JðrÞ f ab

kl ðrAÞ ð20Þ

with a similar expression for J00ab.

We will now expand J(r) in spherical harmonics centered at

RA, distinguishing the contribution of atom A, its near neigh-

bors, and the atoms placed far away from A, with just the single

test on the distances commented in the appendix, so that:

JðrÞ¼
X1

l¼0

Xl

m¼�l

zm
l ðrAÞ

� VA
lmðrAÞþ

XneighborA

B

VB
lmðrAÞþ

Xfar A

C

VC
lmðrAÞ

" #
ð21Þ

The fast and accurate calculation of VA
lmðrAÞ was already

treated in Eqs. 12–14. For the sake of simplicity, in the trial

program the contribution of the near neighbors is obtained

by numerical integration:

V 0
A
lmðrAÞ �

Xneighbor A

B

VB
lmðrAÞ ¼

ð2lþ 1Þ ð�1Þm

2p ð1þ dm0Þ
ðl� jmjÞ!
ðlþ jmjÞ!

1

rl
A

�
Z2p

0

d/A

Zp

0

sin hA dhA zm
l ðrA=rAÞ

Xneighbor A

B

JBðrÞ

ð22Þ

with JBðrÞ as in Eq. 12.

Notice, however, that this numerical integration can be

replaced in refined versions by direct expansions. These

expansions are specially simple in the third term, since if

RAC = | RC - RA| is sufficiently large, Eq. 15 says that this

term is a simple linear combination of irregular harmonics

centered at atoms placed far away from A. Thus, the

expansion only requires the translation of these harmonics

to center A [24] giving:

Xfar A

C

VC
lmðrAÞ ¼ ð2� dm0Þ

ðl� jmjÞ!
ðlþ jmjÞ! BA

lm ð23Þ

where the general expressions of the constants BA
lm are

reported in the ‘‘Appendix’’.

In this way, we rewrite Eq. 21 as:

JðrÞ ¼
X1

l¼0

Xl

m¼�l

zm
l ðrAÞ VlmðrAÞ þ ð2� dm0Þ

ðl� jmjÞ!
ðlþ jmjÞ! BA

lm

� �

ð24Þ

with VlmðrAÞ ¼ VA
lmðrAÞ þ V 0AlmðrAÞ.

Once the expansion of Eq. 21 is known, the one-center

matrix elements Jaa’ of Eq. 16 can be calculated by:

Jaa0 ¼ NaNa0
XLaþLa0

l¼0

Xl

m¼�l

2p ð1þ dm0Þ
2lþ 1

ðlþ jmjÞ!
ðl� jmjÞ!

�

�
Z1

0

dr r2lþ2 VlmðrÞ f aa0

lm ðrÞ þ Qaa0

lm BA
lm

3
5 ð25Þ

where Qaa0
lm are the multipolar moments of the unnormal-

ized distribution va(rA) va’(rA), and Na, N0a are the nor-

malization factors.

Similarly, the contributions Jab
0 of dA

abðrAÞ to the two-

center elements are given by:

J0ab ¼ NaNb

X1

l¼0

Xl

m¼�l

2p ð1þ dm0Þ
2lþ 1

ðlþ jmjÞ!
ðl� jmjÞ!

�

�
Z1

0

dr r2lþ2 VlmðrÞ f 0ab
lmðrÞ þ QA;ab

lm BA
lm

3

5 ð26Þ
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QA;ab
lm being the multipolar moments of the fragments

dA
abðrAÞ.

In the current approach, the Coulomb energy:

Ec ¼
1

2

Z
dr

Z
dr0

qðrÞ qðr0Þ
jr� r0j ð27Þ

can be computed either from the density, q, and Coulomb,

J, matrices:

Ec ¼
1

2
Trðq JÞ ð28Þ

or from the atomic densities, qA(rA), and the Coulomb

potential, J(rA):

Ec ¼
1

2

XN

A¼1

Z
dr qAðrAÞ JðrAÞ ð29Þ

Equation 28 is the standard procedure in methods based on

integrals but it is not recommended in the present context

because Eq. 29 is more efficient. This equation gives the

Coulomb energy as a sum of atomic contributions which,

bearing in mind Eqs. 1 and 24, are:

Ec ¼
XN

A¼1

EA
c ¼

XN

A¼1

X1

l¼0

Xl

m¼�l

2p ð1þ dm0Þ
2lþ 1

ðlþ jmjÞ!
ðl� jmjÞ!

�

�
Z1

0

drA r2lþ2
A VlmðrAÞ f A

lmðrAÞ þ QA
lm BA

lm

3

5 ð30Þ

Since Vlm(rA) and BA
lm are those of Eqs. 25 or 26, and

f A
lmðrAÞ;QA

lm (the atomic radial factor and multipoles) are

known, Eq. 30 can be solved together with Eqs. 25 and 26

making the calculations of Ec very inexpensive.

5 Algorithm performance

In order to test the reliability and efficiency of this proce-

dure, we have elaborated a trial program which proceeds in

three steps. In the first one, both the partition of the density

and the expansion of the fragments—see Eq. 1—are car-

ried out following the scheme outlined in Sect. 2. Most

algorithms required in this step have been taken from those

previously developed and implemented in the DAM pro-

gram [21].

In the second step, J(r) is expanded at each nucleus in

spherical harmonics times radial factors, according to

Eq. 21 with the aif of Eqs. 12, 22 and 23. The values of

VA
lmðrAÞ as well as those of JB(r), at the abscissae of the

Lebedev-Markov [25, 26, 27, 28] quadrature rules, are

obtained by an efficient algorithm based on Eqs. 11–17,

which was previously elaborated for the DAMPOT pro-

gram [23]. The calculation of the BA
lm constants, Eq. 45, is

very inexpensive because the Qlm multipolar moments are

previously evaluated and stored in step 1, and the irregular

harmonics are obtained by fast and stable recurrence

relations.

Finally, once the radial factors of Eq. 24 are known for a

given center, the one-center matrix elements, Jaa’, the

contributions J0ab to the two-center elements and to the

Coulomb energy are evaluated in the third step by Eqs. 25

and 26.

Although, as stressed above, this procedure is poten-

tially exact, the accuracy achieved in its practical imple-

mentation is determined by (1) the numerical integration of

Eqs. 22 and 25 or 26, and (2) the truncation of the infinite

expansions of Eqs. 1, 21 and 26.

The Lebedev-Markov angular quadrature rule of Eq. 22

was carried out following the prescription of [29], and its

accuracy was determined from the convergence at several

values of rA for an increasing number of quadrature points.

We observe that, for a fixed order in the quadrature rule,

the radial factors corresponding to lower values of l are

more accurate than those of higher l. Furthermore, for l

fixed, the radial factors have a poor accuracy at values of r

corresponding to the distances to other nuclei, even for

very high-order quadratures. Because of this, the angular

integration scheme introduces an error that limits the

accuracy attainable, but we find that in the critical zones a

quadrature with 1,454 points gives an error lower than that

of the truncation for lmax B10, and this is sufficient for the

purpose of the present study.

Moreover, in all the cases treated, the one-dimension

integrals of Eqs. 25, 26, and 30 were computed with a

similar accuracy using a 64 points Moebius-Legendre

quadrature rule [30, 31] with the Moebius e parameter fixed

in a value of -0.9.

Once the error of the numerical integration is suffi-

ciently low, the accuracy in the final result is determined by

the truncation of the infinite expansions of Eqs. 1, 21, and

26. For the sake of simplicity, all these expansions are

truncated to the same value of l, (i.e. lmax B10).

To test the dependence of the accuracy on lmax, con-

ventional Hartree-Fock calculations have been made for

series of molecules with increasing sizes. For each mole-

cule, the SCF process was stopped at a given cycle, and the

density matrix q, the Coulomb matrix Jint, and the Cou-

lomb energy Eint
c were written to a file.

Next, the q matrix was read by the trial program which

carried out the direct computation of the Coulomb matrix,

Jpot, and Coulomb energy, Epot
c , with the algorithm reported

herein.

The accuracy of the results was characterized by means

of two quantities: the highest difference between the ele-

ments of the two Coulomb matrices:

DðlmaxÞ ¼ max
ðr;sÞ
jJpot

rs ðlmaxÞ � Jint
rs j =EH ð31Þ
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and the difference between the Coulomb energies:

�ðlmaxÞ ¼ jEpot
c ðlmaxÞ � Eint

c j =EH ð32Þ

The observed trends are illustrated in Fig. 1 where

log10 DðlmaxÞ corresponding to a sample of 13 molecules of

increasing size (CnH2n?2, n from 4 to 16) is plotted against

m for lmax = 6, 7, 8, 9 and 10. For the highest value of lmax

available (lmax = 10) a maximum error of 0.1mEH is

attained in the elements of the Coulomb matrix. The

number of accurate places seems to increase in roughly one

further correct figure every three additional terms in the

expansion.

The errors in the Coulomb energies, e(lmax), are reported

in Fig. 2a. In order to facilitate comparison, it is a common

practice—see Sect. 6—to normalize this error in terms of

error per atom. Fig 2b shows this normalized error as a

function of the number of atoms in this series of molecules.

As it can be seen, the error ranges from roughly 50 lEH per

atom for lmax = 6 to 0.5 lEH per atom for lmax = 10.

Table 1 shows that the computational cost increases

with the length of the expansion (lmax) in an approximately

linear way. Noticeably, these conclusions seem to be

independent of the size of the system.

Since efficiency is related with the ratio accuracy/cost,

we have examined also the dependence of the cost of the

three steps with the size of the system. In the first step, the

charge distributions Dab(r) :va(rA) vb(rB) are partitioned,

expanded and accumulated, weighted with the density, at

each of their centers. The computational cost should thus

increase as the number of nonnegligible charge distribu-

tions, i.e. it should have a formal m2 dependence but, due to

the basis product cutoff—see Sect. 6—it must tend to

linear scaling in large systems.

In the third step, the charge distributions are partitioned,

expanded, and integrated with the Coulomb potential, so

that the computational cost should follow the same trends

as in step one.

Fig. 1 Maximum error ðDðlmaxÞÞ in the Coulomb matrix for the

n–alkane series (n: 4,…,16) as a function of the number of basis

functions, m, for several values of lmax

(a)

(b)

Fig. 2 Error in the Coulomb energy for the n–alkane series (n:

4,…,16): a total error in terms of the number of basis functions, m; b
error per atom as a function of the number of atoms, N

Table 1 Computational time in seconds for the Coulomb matrix in n-

hexane as a function of the expansion length

Basis set (functions) VB1(198)

lmax 6 7 8 9 10

Step 1 16.8 17.7 18.7 20.1 21.3

Step 2 48.4 60.7 76.1 92.9 103.5

Step 3 9.6 10.4 11.4 12.5 14.0

Basis set (functions) VB2(420)

lmax 6 7 8 9 10

Step 1 56.4 61.0 65.0 69.5 74.9

Step 2 50.4 64.4 82.4 101.7 121.4

Step 3 31.4 34.5 37.8 42.7 44.8
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However, in the second step, the Coulomb potential is

expanded at each center by using the atomic potentials of

all the centers and, therefore, it scales formally as the

square of the number of atoms (N2). Nevertheless, as

stressed in Eq. 21, we separate the contributions of the

atom placed at the expansion center and its neighbors from

the contributions of the atoms placed far away. Since for

large systems the number of neighbors is independent of

the size, the first contribution scales linearly with the

number of atoms, and the quadratic behavior must be

entirely due to the second contribution, which can be

computed from the long-range formula in an extremely fast

process. In summary, for large systems, step 2 linearly

scales with the number of atoms if the cost of the long-

range contribution is smaller than that of the first contri-

bution and quadratically otherwise.

All these points have been carefully tested, and some

representative results are shown in Tables 2 and 3. In the

first rows of Table 2, the computational cost of the three

steps is compared with the cost of the STO integrals for the

series of n-alkanes with n = 1–16 (from 5 to 50 atoms).

Calculations were carried out with the VB1 (C[5:3:1],

H[3:1]) STO basis set [32] at standard geometries. In the

bottom of the table, the computational cost with the VB2

basis set (C[6:4:2:1], H[4:2:1]) is reported for n = 1–7.

Integrals were computed with the SMILES package [33]

which can handle up to about 500 STO at an affordable

computational cost in these systems with high local

symmetry.

Notice that the computational cost of the current pro-

cedure is several orders of magnitude lower than that of the

integrals and savings are greater for high-quality basis sets.

Table 3 contains the computational time of the three

steps for the n-alkanes with n = 17–33 (53–101 atoms).

The cost of the long-range contributions included in step 2

is given between parenthesis. As it can be seen, the cost of

this quadratically dependent part is extremely small so that

the whole cost in these systems tends to increase linearly

with the number of basis functions or the number of atoms.

Extrapolation on these results shows that the cost of the

quadratic contribution will be comparable to the linear one

for several thousands of atoms. Therefore, one can be

confident that the scaling will remain linear for the larger

affordable systems (hundreds of atoms).

As a practical example, we plot in Fig. 3 the whole

computational cost (step1 ? step2 ? step3) for the alkanes

in Table 3. The fit of these data to a second order poly-

nomial gives a coefficient for the linear term of 15.3 ± 1.2,

whereas that of the quadratic term is - 0.005 ± 0.008. The

linear behavior is evident.

We have also analyzed the behavior of the method for

compact systems like graphenes, helicenes, and other sys-

tems alike, finding that it is satisfactory also in these cases.

As an example, we report in the last rows of Table 3

the results for three graphene-like molecules (C6n2 H6n):

coronene (n = 2), circumcoronene (n = 3), and circumci-

rcumcoronene (n = 4).

All the times reported in the tables have been measured

on a computer with a Pentium IV processor at 3GHz.

6 Comparison with other alternatives

We will compare first the practical possibilities of the

current method with those based on integrals. As it was

stressed in the introduction, the formal scaling of the

conventional approach based on integrals (m4) is not real-

ized in practice because product cutoff techniques reduce

this scaling to m2 in the limit of very large systems.

To our knowledge, the importance of the cutoff was first

recognized by Monkhorst and Harris [7] in a study of the

expensive integrals with STO, but it was soon incorporated

Table 2 Cost in seconds of STO integrals and the three steps

involved in the direct computation of the Coulomb matrix (lmax = 10)

Molecule Sizea Integralsb Step 1 Step 2 Step 3

VB1 basis setc

CH4 43 39 0.9 5.4 0.5

C2H6 74 279 2.9 15.9 1.6

C3H8 105 1,534 6.0 31.4 3.2

C4H10 136 3,150 10.2 54.9 5.6

C5H12 167 5,233 15.2 77.6 9.8

C6H14 198 7,469 21.3 103.5 14.0

C7H16 229 10,117 27.9 135.6 18.1

C8H18 260 12,298 34.9 173.2 23.0

C9H20 291 14,638 42.3 191.3 27.7

C10H22 322 16,968 50.2 233.4 32.9

C11H24 353 19,400 57.8 255.2 37.7

C12H26 384 21,980 65.4 292.6 42.7

C13H28 415 24,854 72.6 315.5 47.4

C14H30 446 28,056 80.0 353.0 52.5

C15H32 477 31,653 88.1 375.4 57.2

C16H34 508 36,003 95.1 412.7 62.5

VB2 basis setc

CH4 95 392 3.3 5.6 2.0

C2H6 160 2,952 10.4 16.2 6.1

C3H8 225 16,502 21.2 32.4 12.6

C4H10 290 35,742 35.2 56.9 20.9

C5H12 355 59,505 53.3 83.6 31.9

C6H14 420 87,478 74.9 121.4 44.8

C7H16 485 118,483 99.3 156.5 71.8

a Basis set size
b Time for computing integrals
c See Ref. [32] for basis sets
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to the first programs with Gaussian functions by Clementi

[8], and improved versions have been implemented since

then in every integral package, with Gaussians and STO.

The foundation of this technique is simple: if a charge

distribution, Dab(r) = va(rA) vB(rB), is sufficiently small all

over space, the set of m2 integrals containing this distri-

bution can be neglected. Moreover, since Dab(r) tends to

zero as the distance RAB = |RB - RA| goes to infinity, in a

very extended system only charge distributions with RAB

smaller than a certain distance must be considered. This is

the reason for the m2 scaling of the integrals. Furthermore,

in large systems, many pairs of distributions Dab(r) and

Dcd(r) are separated by distances sufficiently large to

enable the use of long-range methods, thus rendering

additional savings [34, 35, 36] in computational cost.

Nonetheless, it must be noticed that the effect of both

cutoff and long-range separation depends not only on the

size of the system but also on the type and quality of the

basis set. In fact, these effects must be more important in

GTO than in STO basis sets (due to the faster decay of the

former) and, for both types of functions, they are more

significant for low-quality than for high-quality basis sets,

because the latter include more functions with high quan-

tum numbers, which have nonnegligible values over larger

distances from nucleus. In summary, one can expect

important savings (and a quick reach of the scaling limits)

in the calculation of extended systems with poor GTO basis

sets, but for good STO basis sets these theoretical limits are

well beyond the size of the systems that currently can be

studied with integrals. Nevertheless, there are other possi-

bilities for saving.

We notice first that good atomic basis sets give, in

compact systems, molecular basis sets that tend to redun-

dancy, and this near redundancy is even clearer in the much

larger set of charge distributions, Dab(r). These distribu-

tions span a subspace VD of L2ðR3Þ and the introduction

of a smaller nonredundant basis of this subspace can lead to

an important saving. Notice also that, in large systems,

most charge distributions are two-center and this makes it

difficult to represent the repulsion operator, being partic-

ularly expensive for STO. Clearly, further savings can be

attained if this small-size basis set consists of one-center

functions.

An almost optimal method for detection and elimina-

tion of near redundancy was reported by Beebe and

Linderberg [37] in the seventies. In this method, it is

implicit the use of a basis set of VD obtained from Gram-

Schmidt orthogonalization of the charge distributions set,

with a metric determined by the repulsion operator. Since

the coefficients matrix of this orthogonal basis is the

inverse of the triangular matrix resulting from Cholesky

decomposition of the repulsion integrals matrix, it is

called [19] Cholesky basis. It gives, for a given accuracy

threshold, the optimal approximation to every repulsion

integral, being unbiased toward any particular combina-

tion of integrals required in different methods. Although

this basis has a limited computational efficiency, because

it contains two-center distributions, Aquilante, Lindh, and

Pedersen have recently demonstrated [19, 20] that one can

take only one-center terms without serious downgrading

of accuracy.

Table 3 Time in seconds for the three steps involved in the Coulomb

matrix computation (lmax = 10) VB1 basis set

Molecule Sizea Step 1 Step 2 Step 3

C17H36 539 102.3 459.9 (0.39) 57.9

C18H38 570 109.4 485.6 (0.46) 61.9

C19H40 601 116.4 525.8 (0.53) 67.6

C20H42 632 124.1 558.0 (0.60) 70.1

C21H44 663 132.3 577.9 (0.68) 75.4

C22H46 694 142.0 613.5 (0.77) 79.1

C23H48 725 147.5 647.3 (0.86) 83.1

C24H50 756 155.6 674.3 (0.96) 87.4

C25H52 787 161.8 710.1 (1.05) 91.6

C26H54 818 169.5 746.3 (1.16) 96.4

C27H56 849 177.9 764.0 (1.27) 100.4

C28H58 880 186.8 807.2 (1.39) 104.9

C29H60 911 192.9 827.4 (1.51) 109.7

C30H62 942 204.7 860.8 (1.64) 113.2

C31H64 973 208.3 880.5 (1.77) 117.4

C32H66 1,004 215.4 930.0 (1.91) 124.6

C33H68 1035 223.7 945.9 (2.04) 126.6

C24H12 528 123.7 343.2 (0.06) 72.5

C54H18 1,134 432.4 1042.4 (0.60) 260.5

C96H24 1,968 958.8 2156.2 (2.36) 566.1

a Basis set size

Fig. 3 Computational cost for the n–alkane series (n: 17,…,33) as a

function of the number of atoms, N
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In this regard, it is important to stress that electron

density–see Eq. 1—is nothing but a particular vector of

VD which can be, in principle, accurately represented with

small basis sets biased toward this objective though, as

demonstrated in the above mentioned work[19], not nec-

essarily good for the representation of other vectors of VD.

This representation is the underlying idea of the so-called

density fitting methods, which can be traced back to the

seventies, its first practical application being, to our

knowledge, that of Baerends, Ellis and Roos [9] in the

context of the Hartree-Fock-Slater (or Xa) method, and in

the ADF code, both using STO basis sets. This technique,

which has undergone a continued development since then

[10, 11, 12, 13, 14, 15, 16, 17, 18] and is currently

implemented in many popular computational programs,

consists of the fitting of the LCAO expression of q(r)—see

Eq. 3—, to one-center functions fk(r) of an auxiliary basis

set, to give the approximate density eqðrÞ :

eqðrÞ ¼
XM

k¼1

dk fkðrÞ ð33Þ

where M stands for the size of the whole auxiliary basis set.

The coefficients dk are obtained by minimizing some

suitable functional of qðrÞ � eqðrÞ, such as the square

square difference [9]:

D2 ¼
Z

dr ½qðrÞ � eqðrÞ� ½qðrÞ � eqðrÞ� ð34Þ

or the Coulomb energy of the density difference [15, 16,

17, 18]:

D0
2 ¼

Z
dr dr0 ½qðrÞ � eqðrÞ� 1

jr� r0j ½qðr
0Þ � eqðr0Þ� ð35Þ

This latter procedure, which is equivalent to taking a

Coulomb metric of VD, is currently preferred because it

gives higher accuracy [13].

As an original and efficient alternative, Manby and

Knowles [38, 39, 40] introduce two auxiliary basis sets

related by the Poisson equation. The Coulomb potential is

represented in the first basis set, but the expansion coeffi-

cients are obtained by fitting the density with its associated

Poisson basis set.

In practice, the elements of the approximate Coulomb

matrix:

eJab ¼
Z

dr vaðrAÞ vbðrBÞ
Z

dr0
XM

k¼1

dk
fkðr0Þ
jr� r0j ð36Þ

can be obtained in three steps. First, one defines:

al ¼
Xm

c¼1

Xm

d¼1

½fljvc vd� qcd; l ¼ 1; . . .;M ð37Þ

next:

dk ¼
XM

l¼1

ðM�1Þkl al k ¼ 1; . . .;M ð38Þ

and finally

eJab ¼
XM

k¼1

½va vbjfk� dk a ¼ 1; . . .;m; b ¼ 1; . . .;m ð39Þ

where Mkl = [ fk | fl ], and the bracket denotes the scalar

product with the Coulomb metric, i.e the corresponding

two-electron repulsion integral.

Clearly, steps 1—Eq. 37—and 3—Eq. 39—are M 9 m2

(or m3) dependent and, since M is proportional to m—

typically around 3m—this representation implies a

remarkable saving of computational cost with respect to the

methods based on integrals (m4 dependent), a saving

still greater if the two-center charge distributions, va(rA)

vb(rB), are approximated with only auxiliary functions

centered at RA and RB:

vaðrAÞ vbðrBÞ �
XMA

p¼1

f A
k ðrAÞ aab

k þ
XMB

q¼1

f B
k ðrBÞ bab

k ð40Þ

Since the auxiliary functions are products of spherical

harmonics times radial factors centered at the nuclei, the

terms in Eq. 33 associated with each nucleus can be

separated, and this equation rewritten as:

eqðrÞ ¼
X

A

XMA

k¼1

dk f A
k ðrAÞ ¼

X

A

eqAðrAÞ

¼
X

A

XLA

l¼0

Xl

m¼�l

zm
l ðrAÞ ef A

lmðrAÞ ð41Þ

where MA is the size of the auxiliary basis subset centered

at RA, and LA is the greatest l in these functions.

The formal similarity between Eqs. 41 and 1 as well as

that between Eq. 6 and 4 is clear, but this similarity hides

deep differences. Equations 1 and 16 or 17 imply a formally

m2 process and tend, in practice, to linear scaling (m1) for

increasingly large systems, whereas Eqs. 37 and 39 imply a

formally M 9 m2 process which tends to slightly less than

quadratic scaling (m1.7 according to refs [41, 42]).

The origin of this difference is clear. In the present

method, the cost in the partition/expansion of every charge

distribution, k(lmax), is independent of the system size, so

that the formal dependence is k(lmax) 9 m2 with k(lmax)

constant. However, in DF—or RI—methods the formal

dependence is K M m2 and, when the size increases, not

only m2 but also M increases, since new functions are

added to the auxiliary basis set.
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Moreover, Eqs. 1 and 16 or 17 are exact and allow us

the systematic improvement of accuracy by simply adding

more terms to the expansions. On the contrary, Eqs. 37 and

39 are approximate, the development of good auxiliary

basis sets is not so simple and their systematic improve-

ment seems highly difficult.

Auxiliary basis sets optimized for specific RI calcula-

tions have been developed by the Karlsruhe group [16, 43,

42], and we take as an example the RI–J1 and RI–J2

optimized for reproducing the Coulomb energy. The RI–J1

was reported in 1997 and it gives typical errors around 100

lEH per atom when used together with some particular

orbital basis sets [16]. The RI–J2 was reported nine years

later yielding typical errors around 30 lEH per atom and

being more general. Higher accuracy would require a third

generation of auxiliary basis sets.

According to Fig. 2b, similar accuracies are obtained

with the current method by taking lmax around 6 or 7, and

higher accuracy only requires to increase the value of lmax.

Notice that the errors per atom for lmax = 10 are orders of

magnitude lower than the typical errors of RI–J2.

Finally, we stress that DF—or RI—method still requires

the calculation and storage of M 9 m2 repulsion integrals

[fk | vavb] as well as the calculation of the M 9 M matrix

with elements Mkl = [ fl | fk ] and its inverse. This is avoided

in our approach.

7 Conclusions

A new method for computing the Coulomb matrix has been

reported. Its reliability has been proved, and the main

features have been tested with a trial program for Slater

functions.

The accuracy of both the Coulomb energy and the

Coulomb matrix has been tested by comparing the results

of the current procedure with those obtained from integrals.

In practice, the differences depend on the number of

terms in the expansion of the density, potential, and charge

distributions in spherical harmonics. In this respect, we

conclude that: (1) accurate results are attained with mod-

erate expansions; (2) increasing the accuracy only requires

to take more terms in these expansions, and this is not very

time-consuming; and (3) it seems that the normalized

accuracy (error per atom) does not increase with the size of

the system.

We have also tested the computational cost of the

method. In this regard, we confirm that it is much less

expensive than methods based on integrals for systems of

moderate size. Furthermore, for large systems the m2 for-

mal dependence is overcome in practice, because of the

basis set product cutoff, and the separation of the long-

range contributions makes it quickly tend to linear scaling

with both the number of basis functions and the number of

atoms.

Two further practical advantages of the current approach

must be stressed. Its storage requirements are extremely

reduced since two-electron integrals are completely sup-

pressed, and it is well suited for DFT because the density,

q(r), its gradient, rq(r), and its laplacian, r2 q(r), can be

efficiently computed from the expansion of Eq. 1. The

conceptual advantages are also remarkable, since in this

approach the physical approximations and mathematical

simplifications are smoothly related.

We finally notice that the computational times with the

trial program must be regarded as merely indicative

because the development of a fully optimized code has not

been a goal at this stage. We are currently working on an

enhanced version of this procedure.

Appendix

Let qA(rA) and qC(rC) be two charge distributions fully

enclosed by two spheres centered at RA and RC and with

radii RA and RB, and let RAC :| RC - RA | CRA ? RC. Its

electrostatic interaction energy, EAC, can be obtained by

combining the bipolar expansion of |r - r0|-1:

1

jr�r0j¼
X1

l¼0

Xl

m¼�l

ð2�dm0Þ
ðl�jmjÞ!
ðlþjmjÞ!z

m
l ðrAÞ

�
X1

L¼0

XL

M¼�L

ð2�dM0Þ
ðL�jMjÞ!
ðLþjMjÞ!

�zM
L ðr0CÞ

ffiffiffi
p
p
ðlþL�1=2Þ!

ðl�1=2Þ!ðL�1=2Þ!
X

m0
almLM

lþL;m0
zm0

lþLðRACÞ
R2lþ2Lþ1

AC

ð42Þ

with the expansions in spherical harmonics of qA(rA) and

qC(rC). This gives:

EAC ¼
X1

l¼0

Xl

m¼�l

QA
lm

X1

L¼0

XL

M¼�L

QC
LM

�
ffiffiffi
p
p
ðlþ L� 1=2Þ!

ðl� 1=2Þ! ðL� 1=2Þ!
X

m0
almLM

lþL;m0
zm0

lþLðRACÞ
R2lþ2Lþ1

AC

ð43Þ

where al?L, m’
lm LM are the coefficients for the decomposition of

products of spherical harmonics into spherical harmonics.

The sum on m0, determined by almLM
lþL;m0 , contains two terms

at most, and QA
lm and QC

LM are the multipolar moments

related to the radial factors by:

QA
lm ¼

4p
2lþ 1

ZRA

0

dr r2lþ2 f A
lmðrÞ ð44Þ

with a likewise expression for QC
LM .
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In practice, the qA(rA) fragments extend to infinite but,

since the radial factors have a quick decay (at least,

exponential) one can estimate—for a fixed threshold—the

size of the sphere that encloses the nonnegligible part of

qA(rA). In a previous work [3], we showed that the qA(rA)

given by DAM looks very much like the densities of the

corresponding isolated atom, so that a conservative crite-

rion would be to take for atoms in molecules the size of the

spheres of the isolated atoms. This point has been tested

and verified finding that a radius between 5 and 6 bohr

should give sufficient accuracy but, for prudential reasons,

we take 6.5 bohr in this trial program.

Once this radius is fixed, C is considered as a neighbor

of A if their spheres intersect each other (RAC \ 13 bohr),

and nonneighbor (or far away from A) otherwise. Notice

that the set of atoms placed far away from A generates a

constant potential region where qA(rA) is nonnegligible.

This is the BA
lm constant appearing in Eqs. 23–26 which,

according to Eq. 43 reads:

BA
lm ¼

ffiffiffi
p
p XLmax

L¼0

ð�1ÞL ðLþ l� 1=2Þ!
ðL� 1=2Þ! ðl� 1=2Þ!

�
XL

M¼�L

X

m0
cLM lm

Lþlm0

X

C

QC
LM

zm0

LþlðRACÞ
R2Lþ2lþ1

AC

ð45Þ

where Lmax is the order of the highest atomic multipolar

moment considered.
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3. Rico JF, López R, Ema I, Ramı́rez G (2002) J Chem Theory

Comput 1:1083
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15. Eichkorn K, Treutler O, Öhm H, Haser M, Ahlrichs R (1995)

Chem Phys Lett 240(4):283

16. Eichkorn K, Weigend F, Treutler O, Ahlrichs R (1997) Theor

Chem Account 97:119

17. Cohen AJ, Handy NC (2002) J Chem Phys 117(4):1470

18. Watson MA, Handy NC, Cohen AJ (2003) J Chem Phys

119(13):6475

19. Aquilante F, Lindh R, Pedersen TB (2007) J Chem Phys

127:114107

20. Pedersen TB, Aquilante F, Lindh R (2009) Theor Chem Acc

124:1
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